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Stochastic models for recognition of occluded targets
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Abstract

Recognition of occluded objects in synthetic aperture radar (SAR) images is a signi0cant problem for automatic target
recognition. Stochastic models provide some attractive features for pattern matching and recognition under partial occlusion
and noise. In this paper, we present a hidden Markov modeling based approach for recognizing objects in SAR images. We
identify the peculiar characteristics of SAR sensors and using these characteristics we develop feature based multiple models
for a given SAR image of an object. The models exploiting the relative geometry of feature locations or the amplitude of SAR
radar return are based on sequentialization of scattering centers extracted from SAR images. In order to improve performance
we integrate these models synergistically using their probabilistic estimates for recognition of a particular target at a speci0c
azimuth. Experimental results are presented using both synthetic and real SAR images.
? 2003 Pattern Recognition Society. Published by Elsevier Ltd. All rights reserved.

Keywords: Hidden Markov modeling; Object recognition; Multiple recognition models and their integration; Rotation invariance; Synthetic
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1. Introduction

One of the critical problems for object recognition is that
the recognition approach should be able to handle partial
occlusion of an object and spurious or noisy data [1–4].
In most of the object recognition approaches, the spatial
arrangement of structural information of an object is the cru-
cial part with the most important information. Under partial
occlusion situations the recognition process must be able
to work with only portions of the correct spatial informa-
tion. Rigid template matching and shape-based recognition
approaches depend on good prior segmentation results. But
the structural primitive (e.g., line segments, point-like fea-
tures, etc.) extracted from occluded and noisy images may
not have su?cient reliability, which will directly undermine
the performance of those recognition approaches.

We suggest an object recognition mechanism that
e@ectively makes use of all available structural information.
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Based on the nature of the problems caused by occlusion
and noise, we view the spatial arrangement of structural
information as a whole rather than view the spatial primi-
tives individually. Because of its stochastic nature, a hidden
Markov model (HMM) is quite suitable for characteriz-
ing patterns. Its nondeterministic model structure makes it
capable of collecting useful information from distorted or
partially unreliable patterns. Many applications of HMM
in speech recognition [5–7] and character recognition [8,9]
attest to its usefulness. Thus, it is potentially an e@ec-
tive tool to recognize objects with partial occlusion and
noise.

However, the limit of traditional HMMs is that they are
basically one-dimensional models. So how to appropriately
apply this approach to two-dimensional image problems
becomes the key. It has been largely an unsolved problem.
In this paper we use the features based on the image forma-
tion process to encode the 2-D image into 1-D sequences.
We use information from both the relative positions of the
scattering centers and their relative magnitude in synthetic
aperture radar (SAR) images to address the fundamental is-
sues of building object models and using them for robust
recognition of objects in SAR images.
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Fig. 1. The HMM-based approach for recognition of occluded
objects.

1.1. Overview of the approach

Fig. 1 provides an overview of the HMM-based approach
for recognition of occluded objects in SAR imagery. Dur-
ing an o@-line phase, scattering centers are extracted from
SAR images by 0nding local maxima of intensity. Both lo-
cations and magnitudes of these peak features, viewed as
emitting patterns, are used to generate multiple observation
sequences. These multiple observation sequences, based on
both the relative geometry and amplitude of SAR return
signal (obtained as a result of the physics of the SAR image
formation process), are used to build the bank of stochastic
models. From each training SAR image containing a par-
ticular object under a particular azimuth angle, 0ve kinds
of observation sequences are extracted to build 0ve HMM
models with one model taking one kind of observation se-
quence as input. These models provide robust recognition
in the presence of occlusion and unstable features caused
by scintillation phenomena where some of the features may
appear/disappear at random in an image. At the end of
the o@-line phase, hidden Markov recognition models for
various objects and azimuths are obtained. Similar to the
o@-line phase, during the on-line phase features are extracted
from SAR images and observation sequences based on these

features are matched by the HMM forward process with the
stored models obtained previously. Then Maximum likeli-
hood decision is made on the classi0cation results. Finally
the results obtained from multiple models are combined in
a voting kind of approach that uses both the object, azimuth
label and its probability of classi0cation. This produces a
rank ordered list of classi0cations of the test image and as-
sociated con0dences.

2. Related work and our contributions

In this paper, the features used in recognition are scatter-
ing centers, which are high magnitude points extracted from
SAR images. During the training, the magnitude and relative
positions of scattering centers are used to build HMM mod-
els; during testing, the scattering centers extracted from the
testing image are fed into each HMM model and the model
with the maximum probability of match is selected as the
recognition result. It is actually a point matching problem
in which the magnitude and geometric distribution of scat-
tering centers in the testing image are matched with those
in the training images via HMM models.

2.1. Point matching

Point matching is widely used in object recognition, mo-
tion analysis, image retrieval and image registration [10–12].
In the following, we provide a brief review of point match-
ing methods, representative techniques are summarized in
Table 1.

• Local-feature-focus: Each object contains a small num-
ber of focus (salient) features. The correspondence be-
tween focus features of the model and testing images is
established to determine the a?ne transformation to map
the model into the image. After the transformation is ob-
tained, the minor features around each of the focus fea-
tures are used to verify the transformation and evaluate
the quality of the match.

• Pose clustering: This approach computes an a?ne align-
ment for all possible feature point pairs and then checks a
cluster of similar parameter sets. If the feature points from
a model and an image can be matched, a cluster exists
in the parameter space. Considering each possible point
pair, the number of pairs could be very large, leading to
a signi0cant computational cost.

• Geometric hashing: It is designed to work with many
models and it considers a large amount of o@-line pre-
processing and a large amount of space for a potentially
fast online recognition. The o@-line preprocessing creates
a hash table indexed by a pair of a?ne coordinates of
point features with respect to a particular basis. Each cell
of the hash table stores a list of model-basis pairs where
some point of the model in the list has a?ne coordinates
with respect to the basis. The recognition step creates an
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Table 1
Summary of representative point matching techniques

Techniques References Comments

Local- Shen and Feature focus: junctions, a matching algorithm matches
feature-focus Palmer [27] junctions between two images.

Pose Stockman [28] Uses pose clustering in both 2D and 3D recognition.
clustering Bhanu and Uses clusters of transformations to recognize occluded

Ming [29] Objects.
Moss and Primitive parts determine a set of alignment parameters;
Hancock [30] Global alignment is determined by the maximum vote.
Olson [31] Recognizes object by 0nding clusters of poses from a space

of legal object positions using 2D feature points.

Geometric Lamden and Represent object as sets of points or lines; matching
hashing Wolfson [32] procedure is based on geometric hashing technique.

Jones and Scattering centers are sorted by their magnitude; hash table,
Bhanu [19] indexed by the range and cross range distances between

feature points, is queried to accumulate the evidence.
Surendro Calculates the statistics of point features to determine
and Anzai [33] possible matches; hypothesize the existence of a model

if its features score hits the vote count.
Au and Geometric hashing are used to recognize object under
Tsang [34] partial occlusion; salient points are features used to form

hash table that is used to record the vote.

Hausdor@ Olson and Feature points are edge pixels; both the location and
measure Huttenlocher [35] orientation of edge pixel are used to measure the

Hausdor@ distance.

Interpretation Albus [36] Used for matching 3D model features to 2D image
tree features; tolerant to incomplete features; makes optimal

use of geometric constraints.

Discrete Tu and Detect high contrast points and 0nd point matches
relaxation Dubuison [37] between images; after a few iterations, point pattern

and good corresponding points are obtained.
Rangarajan Solve the point matching problem with deterministic
and Chui [38] annealing to avoid local minima.

Continuous Bhanu and Shape matching is viewed as segment matching where a
relaxation Faugeras [39] segment is formed by two or three feature points;

the technique is based on stochastic relaxation.
Chen et al. [40] Find motion vectors of features for object tracking.

Relational Sharghi et al. [41] Matches straight lines; triplets of matched points are
distance used to construct a model polygon in one image to
matching search a matching polygon in the other.

Myers et al. [42] Describe a framework to match corrupted relational
graph; develop edit distance for graph matching.

accumulator array indexed by model-basis pairs. Each cell
of the array is incremented by 1 if the model-basis index-
ing the accumulator cell is in the list associated with a
cell of the hash table, where the hash table cell is indexed
by the a?ne coordinates of an image feature point with

respect to an a?ne basis. The accumulator is used to vote
for the hypothesis that there is a particular a?ne transfor-
mation placing the model in the image. The model-basis
pairs that achieve a high number of votes are selected as
possible transformations.
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• Hausdor6 measure: The Hausdor@ measure yields the
maximum distance of a model feature point (for exam-
ple, edge pixels) from its nearest image feature point. It
is used to determine the quality of a match between the
transformed feature points of a model and those of an
image and thus, it determines the goodness of the trans-
formation mapping a model to an image. To address the
occlusion problem, a partial Hausdor@ measure is pro-
posed to determine the Hausdor@ measure among part
of model feature points (salient feature points that are
expected to be found in the image) from its nearest image
feature point.

• Interpretation tree and graph matching: An interpreta-
tion tree represents all possible matches between a model
and an image, where both are described by using feature
points. Every path in the tree is terminated either because
it represents a complete consistent match or because the
partial match fails some relation. Graphmatching is a clas-
sical relational matching algorithm used in object recog-
nition. After feature points are extracted from a model
and an image, two graphs representing the model and the
image, respectively, are built in which the nodes of graph
represent the feature points and the edges of graph rep-
resent the relations between feature points. Thus, match-
ing between model and image becomes matching between
two graphs representing them. To deal with partial occlu-
sion, subgraph matching is proposed to 0nd the matching
between the image and a portion of a model. The maximal
clique or minimum spanning tree algorithms that match
between two graphs are also used to reduce computation.

• Discrete relaxation: Unlike an interpretation tree, discrete
relaxation uses only local constraints rather than all the
constraints available. Initially, an image feature can match
with any model feature permitted by its type. Then it
examines the relations between features of model and
imageandreducespossiblematches.Localconstraintsfrom
one image feature neighborhood can propagate across the
object to another image feature on a path N edges distant
after N iterations. Local constraints are weaker than those
used in an interpretation tree, but they can be applied in
parallel, thus making faster and simpler processing. Since
only local constraints are considered, it is more robust in
case of partial occlusion of the object in the image.

• Continuous relaxation: In discrete relaxation, a feature
point in an image is either matched or not matched with
a model feature point. Continuous relaxation associates
each image-model feature point pair to a real number
representing the probability that the image feature and
model feature can be matched. Discrete relaxation iterates
to remove possible matches, continuous relaxation iterates
to update the probabilities associated with each possible
match.

• Relational distance matching: Due to feature extraction
errors, noise and occlusion of the object, an image may
have missing or extra features and required relationships
may not hold. Continuous relaxation may be used, but it

may not 0nd the good solution. Relational distance match-
ing determines the relations between features to obtain a
relational description of an image or object and performs
a search to 0nd the best mapping from a model to an
image in the sense that it preserves most of the relation-
ships. The goodness of a matching is evaluated by rela-
tional distances between the transformed model and the
image.

In this paper, HMM is used as a novel way to perform
point matching and it is di@erent from all the above meth-
ods. In the local-feature-focus, graph matching, interpreta-
tion tree, discrete and continuous relaxation and relational
distance matching methods, correspondence between salient
feature points must be established to determine the a?ne
transformation or obtain initial matching. Pose clustering
considers every possible match between model and image
feature points and geometric hashing computes the a?ne
coordinates of each feature point with respect to di@erent co-
ordinate systems. Geometric hashing also needs signi0cant
preprocessing and space. However, in the HMM method,
the correspondence between model and image feature points
is not obtained directly. The magnitude and distribution
of feature points are encoded in HMM models and the
characteristics of the feature points in the testing image are
reJected by the probability of a HMM model generating the
observation sequence obtained from the feature points. The
observation sequence is a sequence of symbols and the
HMM model is used to compare the observation sequences
from the training images with those from testing images. It is
essentially a string matching problem discussed in the
next subsection.

2.2. String matching

String matching algorithms compare strings and deter-
mine the similarity or dissimilarity between them [13]. This
is nontrivial since, in general, the strings can be of di@erent
lengths. The key is to de0ne dissimilarity and there are many
de0nitions. The Levensthein distance de0nes the dissimilar-
ity as the number or cost of string edit operations (insertion,
substitution and deletion of symbols) needed to convert a
string into a reference string. Structural dissimilarity mea-
sures the extent to which two strings di@er in terms of rules
of composition of the string pattern. Error-correcting parsing
de0nes the distance between a string and a reference string
as the weighted Levensthein distance between the string and
the nearest (in term of edit operations) string generated by
the grammar inferred from the reference string. Grammar
complexity-based dissimilarity is formed on the assump-
tion that the joint description of two similar strings is more
compact than their isolated description due to the sharing
of rules of symbol composition and quanti0es the com-
pactness of the representation by the grammar complexity.
Minimum code length-based similarity explores the com-
pressibility of strings. Since low compressibility is related
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with high complexity and randomness and since strings
with inter-symbol dependencies are likely to have compact
description, strings sharing subpattern regularities will,
therefore, produce more compact codes than the gathering
of the codes for the individual strings. The quanti0cation
of this reduction in code length form the basis of similarity
measure. Strings can also be represented by a model such as
a Markov chain or a HMM. Thus, similarity between strings
are computed based on their model representation. Fielding
and Ruck [14] have used HMM models for spatio-temporal
pattern recognition to classify moving objects in image se-
quences. Rao and Mersereau [15] have attempted to merge
HMM and deformable template approaches for image seg-
mentation. Kottle et al. propose a HMM-Based SAR auto-
matic target recognition system [16]. They 0rst segment a
SAR image, and then extract features followed by Radon
transforms. The feature sequences so obtained are input to
HMMs.

In this paper, HMM is used to capture the characteris-
tics of the observation sequences from the training images
and the observation sequences from the testing images are
compared with HMM models. Template matching [17] and
major axis based approaches [18] have been used to recog-
nize and index objects in SAR images, however, they are
not suitable to recognize occluded objects. Our HMM-based
approach to recognizing occluded objects in SAR images
uses signi0cantly fewer models (typically 5) of an object
at some aspect than our geometric hashing approach [19],
which uses 20–40 models with di@erent scatterers as basis
points.

2.3. Our contributions

The contributions of this paper are: (a) HMM approach
commonly used for recognizing 1-D speech signals is ap-
plied in a novel manner to 2-D SAR images to solve the oc-
cluded object recognition problem. (b) Unlike most of the
work for model building in pattern recognition and com-
puter vision, our recognition models using HMM concepts
are based on the peculiar characteristics of SAR images
where the number of models used for recognition is justi-
0ed by the quanti0cation of the azimuthal variance in SAR
images. (c) Multiple models derived from various obser-
vation sequences, based on both the relative geometry and
signal amplitude (four based on geometry and one based
on amplitude) are used to capture the unique characteristics
of patterns to recognize objects. (d) Extensive amounts of
data are used to test the approach for recognition of objects
with various amounts of occlusion for both synthetic and
real data.

3. Hidden Markov modeling approach

It is well known that HMM can model speech signals
well [5–7]. It is a model used to describe a doubly stochastic

process which has a set of states, a set of output symbols and
a set of transitions. Each transition is from state to state and
associated with it are a probability and an output symbol.
The word ‘hidden’ means that although we observe an output
symbol, we cannot determine which transition has actually
taken place. At each time step t, the state of the HMM
will change according to a transition probability distribution
which depends on the previous state and an observation yt
is produced according to a probability distribution which
depends on the current state. Formally, a HMM is de0ned
as a triple �=(A; B; �), where aij is the probability that state
i transits to state j, bij(k) is the probability that we observe
symbol k in a transition from state i to state j, and �i is
the probability of i being the initial state. Fig. 2 shows an
example of a N states HMM.

Recognition problem—forward procedure: The HMM
provides us a useful mechanism to solve the problems
we face for robust object recognition. Given a model
and a sequence of observations, the probability that the
observed sequence was produced by the model can be
computed by the forward procedure [20]. Suppose we
have a HMM � = {A; B; �} and an observation sequence
yT1 = {y1; y2; : : : ; yt ; : : : ; yT}. We de0ne �i(t) as the proba-
bility that the Markov process is in state i, having generated
yt1 = {y1; y2; : : : ; yt}.
�i(t) = 0 when t = 0 and i is not an initial state:

�i(t) = 1 when t = 0 and i is an initial state:

�i(t) = �j[�j(t − 1)ajibji(yt)] when t ¿ 0: (1)

The probability that the HMM stopped at the 0nal state and
generated yT1 is �SF (T ). The forward procedure is given
below:

Let T be the length of an observation sequence and N is
the number of states in the HMM.

1. Initialize �i(0), where i = 1; 2; : : : ; N .
2. Compute �i(t) inductively (Eq. (1)), where t=1; 2; : : : ; T .

At each step, the previously computed �i(t − 1) is used.
Repeat this process until t reaches T .

3. Output �SF (T ), where �SF (T ) is the probability that the
HMM stopped at the 0nal state and generated the obser-
vation sequence.

Usually, � becomes too small to be represented in a com-
puter after several iterations. We take the logarithm of the
� value in the computation.

Training problem—Baum–Welch algorithm: To build a
HMM is actually an optimization of the model parameters
so that it can describe the observation better. This is a prob-
lem of training. The Baum–Welch re-estimation algorithm
is used to calculate the maximum likelihood model. But
before we use the Baum–Welch algorithm, we must intro-
duce the counterpart of �i(t); �i(t), which is the probabil-
ity that the Markov process is in state i and will generate
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Fig. 2. A N states forward-type HMM.

yTt+1 = {yt+1; yt+2; : : : ; yT}.
�i(t) = 0 when t = T and i is not a 0nal state:

�i(t) = 1 when t = T and i is a 0nal state:

�i(t) = �j[aijbij(yt+1)�j(t + 1)] when 06 t ¡T: (2)

The probability of being in state i at time t and state j at
time t + 1 given observation sequence yT1 and the model �
is de0ned as follows:

�ij(t) = P(Xt = i; Xi+1 = j | yT1 )

=
�i(t − 1)aijbij(yt)�j(t)

�SF (T )
: (3)

Now the expected number of transitions from state i to state
j given yT1 at any time is simply �T

t=1�ij(t) and the expected
number of transitions from state i to any state at any time is
�T
t=1�k�ik(t). Then, given some initial parameters, we could

recompute aij , the probability of taking the transition from
state i to state j as

aij =
�T
t=1�ij(t)

�T
t=1�k�ik(t)

: (4)

Similarly, bij(k) can be re-estimated as the ratio between the
frequency that symbol k is emitted and the frequency that
any symbol is emitted:

bij(k) =
�t:yt=k�ij(t)
�T
t=1�ij(t)

: (5)

It can be proved that the above equations are guaranteed to
increase �SF (T ) until a critical point is reached, after which
the re-estimate will remain the same. In practice, we set a
threshold as the ending condition for re-estimation.

So the whole process of training a HMM is as follows:

1. Initially, we have only an observation sequence yT1 and
blindly set (A; B; �).

2. Use yT1 and (A; B; �) to compute � and � (Eqs. (1) and
(2)).

3. Use � and � to compute � (Eq. (3)).
4. Use yT1 , (A; B; �); �; � and � to compute A and B

(Eqs. (4) and (5)). Go to step 2.

A HMM is able to handle pattern distortions and the un-
certainity of locally observed signals, because of its non-
deterministic nature. However, a HMM is primarily suited
for sequential, one-dimensional patterns and it is not obvi-
ous that how a HMM can be used on 2-D patterns in object
recognition. The basic ideas to apply a HMM for our pur-
pose are (a) training the HMM � by samples of SAR images
of a certain object, and (b) recognizing an unknown object
in a given SAR image. These two problems are addressed
in the following. The key questions are what we shall use as
observation data and how we get the observation sequences.

4. Hidden Markov models for SAR object recognition

4.1. Extraction of scattering centers

Scattering centers (location and magnitude) extracted
from SAR images are used to train and test models for
recognition. At 6–12 in: resolution, there exist a large
number of peaks corresponding to scattering centers. We
select peaks as features in this work since we wanted to
evaluate the limits of our approach using six inch resolution
synthetic SAR images (generated using the XPATCH code
[21]) and real SAR images at one foot resolution from the
MSTAR data [22] before more complicated features are
used. A pixel is a scattering center if the magnitude of SAR
return at this pixel is larger than all its eight neighbors.
Fig. 3 shows some examples of top 20 scattering centers
(based on their magnitude) extracted from XPATCH gen-
erated SAR images of 0ve objects at 15◦ depression angle
and azimuths at 0◦, 45◦, 90◦, and 135◦. The squint angle
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Fig. 3. XPATCH SAR images of 0ve targets and the corresponding scattering centers.

Fig. 4. Real SAR images and extracted scattering centers of T72 tank #a64: (a) 2◦; (b) 45◦; (c) 93◦; (d) 135◦; (e) 180◦; (f) 226◦; (g)
269◦; (h) 315◦; (i) 2◦; (j) 45◦; (k) 93◦; (l) 135◦; (m) 180◦; (n) 226◦; (o) 269◦; and (p) 315◦.

between the Jight path and radar beam is 90◦ and kept 0xed
for all the images used in this paper. Figs. 4 and 5 show
examples of scattering centers (top 30) extracted from real

MSTAR SAR data. The real SAR images are obtained for
depression angle 30◦ and their corresponding azimuths are
shown in the 0gure captions.
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Fig. 5. Real SAR images and extracted scattering centers of ZSU anti-aircraft gun #d08: (a) 3◦; (b) 45◦; (c) 93◦; (d) 135◦; (e) 180◦; (f)
226◦; (g) 269◦; (h) 315◦; (i) 3◦; (j) 45◦; (k) 93◦; (l) 135◦; (m) 180◦; (n) 226◦; (o) 269◦; and (p) 315◦.

4.2. Rotation variance of scattering centers and
representation of 3-D objects

In order to determine the number of azimuths needed to
represent a 3-D object in a systematic manner, we evaluate
the characteristics of SAR images. Unlike the visible im-
ages, SAR images are extremely sensitive to slight changes
in viewpoint (azimuth and depression angle) and are not af-
fected by scale [23]. We evaluate [19] the characteristics of
scattering centers to 0nd out what kind of location invari-
ance exists among scattering centers. Fig. 6 shows the ro-
tation invariance of the T72 tank with XPATCH data. The
data is obtained by rotating the image at azimuth i◦ (for a
0xed depression angle) by x◦ (x from 1 to 10), and compar-
ing the rotated image with the image of (i+ x)◦ to see how
many scattering centers do not change their location. Since
the object chip is 256×256 pixels, we rotate the image with
respect to the center point (127:5; 127:5). The distance mea-
surement criteria “exact match” and “within one pixel” are
de0ned in the following:

xr exactly matches x if

MAX (|x − xr |; |y − yr |)¡ 1
2 pixel;

xr and x are within one pixel

if MAX (|x − xr |; |y − yr |)¡ 1 1
2 pixel:

Fig. 6(a) shows the average (over all the 360 azimuth an-
gles) results for the number of scattering centers that remain
unchanged within some error tolerance (as de0ned in the
above) for T72 tank images for angular span of 1–10◦. The
50 strongest scattering centers are used for each image. Note
that for a 1◦ change in azimuth (angular span), approxi-
mately 1=3 and 3=4 scattering centers remain unchanged for
the exact match case and within one pixel case, respectively.
Fig. 6(b) gives the percentage of scattering center locations
unchanged vs. azimuth angle, for each of the 360 azimuths,
with 1◦ angular span for the exact match and within one

pixel match. These results show that scattering centers for
SAR images vary greatly with relatively small changes of
azimuth angles. Similar results are obtained with real SAR
data at one foot resolution [24]. Therefore, to recognize oc-
cluded objects, we need SAR images of an object at a given
depression angle under various 0nely sampled azimuth an-
gles. Ideally, we can have 360 SAR images of an object
with one image corresponding to one and only one azimuth
angle between 0◦ and 359◦. We treat an object under dif-
ferent azimuth angles separately and build a model for each
azimuth angle based on the SAR image taken under this az-
imuth angle whenever possible. When building models for
an object azimuth, a single HMM model is inadequate be-
cause of noise, articulation, occlusion, etc. To increase ro-
bustness, we build multiple HMM models for a given object
at a speci0c azimuth with one model taking a particular kind
of observation sequence as input, as discussed in the next
subsection.

4.3. Extraction of observation sequences

After the scattering centers are extracted, we need to en-
code the data into a 1-D sequence as the input to a model
based HMM process for recognition. It is one of the key
factors which a@ects the performance of HMM approach
for object recognition. There are many ways to choose ob-
servation sequences, but we want to use information from
both the magnitude and the relative spatial location of the
scattering centers extracted from a SAR image. Also the se-
quentialization method should not be signi0cantly a@ected
by distortion, noise, or partial occlusion and should be able
represent the image e?ciently. Based on the above consider-
ations, we employ two approaches to obtain the sequences.

• Sequences based on amplitudes: O1 = {Magnitude1;
Magnitude2; : : : ;Magnituden}, where Magnitudei is the
amplitude of ith scattering center and Magnitudei¿
Magnitudei+1; ∀ i = 1; : : : ; n− 1.
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Fig. 6. XPATCH Data: (a)T72 tank rotational invariance, and (b) T72 tank rotational invariance with 1◦ angular span.

Fig. 7. Example of an observation sequence superimposed on an
image of T72 tank.

• Sequences based on relative geometrical relationships:
O2 = {d(1; 2); d(2; 3); : : : ; d(n; 1)} (length n),
O3 = {d(1; 2); d(1; 3); : : : ; d(1; n)} (length n− 1),
O4 = {d(2; 1); d(2; 3); : : : ; d(2; n)} (length n− 1),
O5 = {d(3; 1); d(3; 2); : : : ; d(3; n)} (length n− 1),
where d(i; j) is the Euclidean distance between scattering
centers i and j.

Fig. 7 gives an example to illustrate how we get the se-
quences. Sequence O1 is obtained by sorting the scattering
centers by their magnitude. We label the scattering centers
1 through n in descending order. So in this approach, we
do not use the location information and thus can avoid the
instability caused by the error in localization of scattering
centers. Sequences O2 through O5 are obtained based on the
relative locations of the scattering centers and magnitude
of the scattering centers only a@ects the ordering. Note that
they are not scale dependent, since the SAR images are scale
independent [23]. In experiments described in Section 5, we
only consider the top 20 scattering centers for XPATCH data
and the top 30 scattering centers for MSTAR data (sorted in
descending order of their magnitude). This method of order-
ing is done for convenience, for repeatability and because
we expect that the scattering centers with larger magnitude
are generally more stable than the weaker ones.

Since we use discrete HMMs, each element in the se-
quence should be converted to an observation symbol.
Labels from 1 to M represent the symbols which can be
observed for a HMM. We use the K-means algorithm [25]
to classify the magnitude values (or distance values) of all

the scattering centers in the database into K classes (here
K =M , it is experimentally determined, see Section 5.1.1).
Once we know to which class each of the elements of a
sequence belongs, we label the element with the label of its
class. Thus, for a given sequence, we obtain a sequence of
observation symbols.

4.4. O6-line training and on-line recognition phases

The procedure for building the model based on a particular
kind of observation sequence is described as follows:

1. Loop (for a given depression angle) lines 2–4 for each
object and each azimuth angle.

2. Generate images which simulate occlusion with scatter-
ing centers occluded from di@erent directions (see Sec-
tion 5).

3. Loop line 4 for each image generated by line 2.
4. Run Baum–Welch algorithm on all the observation se-

quences generated in (2) to estimate the HMM param-
eters. First, randomly set the parameter values and run
Baum–Welch algorithm on the 0rst observation sequence
(use Eqs. (1)–(5)). Then the parameter values resulting
from the 0rst observation sequence are used as the initial
parameter values when the second observation sequence
is input and so on. Exit the loop when there is no further
change in parameter values.

The recognition procedure for a particular kind of observa-
tion sequence, is given below:

1. Extract the observation sequence from the testing image.
2. Loop line 3 for all the models in the model base.
3. Feed the observation sequence into the model,

(A; B;&)(M∗
i ;a

∗
j ), where (M

∗
i ; a

∗
j ) represents the model of

object i with azimuth angle j. Use Forward algorithm to
compute the probability that this sequence is produced
by this model.

4. The models with the H highest probabilities of gener-
ating the observation sequence are selected as the best
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possible matches to be used by the next integration step.
The model with maximum probability is considered the
best match.

4.5. Integration of results from multiple sequences

Since not all models based on various sequences for a par-
ticular object and azimuth will provide optimal recognition
performance under occlusion, noise, etc., we improve the
recognition performance by combining the results obtained
from multiple kinds of models. Thus, when testing image
cannot be recognized correctly by a model based on a par-
ticular sequence, say O1, it can be recognized correctly by
models based on other kinds of sequences. We have devel-
oped a voting-like method shown in Fig. 8 to integrate the
results from models based on a given number of sequences.
The algorithmic steps are:

1. For each kind of observation sequence, we collect the H
highest possibilities in the test results. Each possibility
is the probability that the test image is the image of that
object at that azimuth.

2. A normalization is done to the H probabilistic estimates
for each kind of observation sequence so that estimates
from 0ve kinds of observation sequences can be com-
pared.

3. We draw a histogram that sums the normalized probabili-
ties of the various object/azimuth instances for the results
obtained in step (2).

4. If the object associated with the highest frequency in the
histogram is the same as the ground truth, we count it as
one correct recognition.

5. Experiments

5.1. XPATCH SAR data

We use the XPATCH SAR simulator [21] to generate the
data to perform controlled experiments. XPATCH is con-
sidered the best radar signature prediction code available;
it has been extensively validated against primitive objects
and complex full scale vehicles. In our research, we se-
lected 6 in: resolution data to get a signi0cant number of
“pixels-on-target” to facilitate solving the occluded target
recognition problem. It is possible to collect real data at this
resolution and also super resolution techniques [26] exist to
achieve such data. We generate SAR images of 0ve objects
(Fred tank, SCUD missile launcher, T72 tank, T80 tank and
M1a1 tank, shown in Fig. 9) at 15◦ depression angle, and
90◦ squint angle (0xed), at each of the azimuth angles from
0◦ to 359◦. We extract the 20 scattering centers (local max-
ima) with largest magnitudes. In the experiments, since we
want to test the performance of our approach under partial
occlusion and spurious data, we simulate realistic occlusion
situations and generate images for training and testing.

Simulating occlusion: There are no accepted empirical
models of object occlusion in SAR imagery. So, we con-
sider the occlusion to occur possibly from nine di@erent
directions as shown in Fig. 10. Scattering centers being oc-
cluded are not available. Moreover, we add some spurious
data into the image to simulate noise or clutter. For in-
stance, 20 scattering centers are shown in each image of Fig.
10. They are obtained by removing four scattering centers
(20% occlusion) from the center of one object or from one
particular direction (simulated occlusion) and adding four
spurious scattering centers into the image. The spurious
scattering centers are added based on the following two
rules: (1) The location of the scattering center is generated
as a pair of random numbers. (2) The magnitude of the scat-
tering center depends on a random number r between 1 and
50. We use the magnitude of the rth brightest scattering cen-
ter as the magnitude of the spurious scattering center. Top
50 vs top 20 biases clutter to low values.

For the training data, based on the method of simulating
occlusion described above, we generate 90 images from the
original image (10 samples for each of nine directions) at
5% occlusion and another 90 images at 10% occlusion. In-
cluding the original image, we have 181 images per object
per azimuth angle to train multiple HMM models. Thus, we
have a total of 325,800 (0ve objects, 360 azimuths, 181 oc-
cluded images) samples for training. For the testing data
we generate one image with o scattering centers occluded
(o = 2; 4; 6; 8 or 10) from direction d (d = 0; 1; : : : ; 8) per
azimuth angle per object. So there are 1800 images (0ve
objects × 360◦) generated for testing of occlusion with o
scattering centers occluded from direction d. Thus, we have
a total of 81,000 (0ve objects, 360 azimuths, 0ve di@erent
occlusions 10%–50%, and nine directions) samples for test-
ing. Fig. 11 shows the XPATCH SAR images (not to scale)
of 0ve objects taken under depression angle 15◦ and az-
imuth 225◦. The scattering centers under various percentage
of occlusion (shown on the top of the 0gure) are also shown.

5.1.1. Training—building bank of HMM models for
recognition

The results of experiments to choose the optimum of num-
ber of states and number of symbols of the HMM are shown
in Table 2. We use data from 0ve azimuth angles of 0ve ob-
jects (Fred tank, SCUDmissile launcher, T80 tank, T72 tank,
and M1a1 tank). Table 2 shows that with the increase in the
number of states and symbols, recognition performance in-
creases. Considering both the recognition performance and
the computational cost, we choose eight states and 32 sym-
bols as the optimal number of states and symbols for our
HMM models. Fig. 12 illustrates example parameters of a
0ve state, four symbol HMM. Using the algorithm in Section
4.4, we built recognition models. For a selected sequence
type we have 1800 (=360 azimuths × 0ve object classes)
HMM models. Since we have de0ned 0ve kinds of observa-
tion sequences for each image (O1; O2; O3; O4; O5), we get
models based on each kind of observation sequence.
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Fig. 8. Integration of results by histogram-based method.

Fig. 9. Objects: (a) Fred tank; (b) SCUD missile launcher; (c) T72 tank; (d) T80 tank; and (e) M1a1 tank.

Fig. 10. Scattering centers of T72 tank at azimuth 0◦, part of scattering centers are occluded from a particular direction (0–8, left to right).

5.1.2. Testing results
During testing phase, for a given observation sequence

type each of the 81,000 testing images is tested against all
models (1800 models: 0ve objects, each has 360 models
for each azimuth angle). If the model with the maximum
probability is associated with the object and azimuth angle
from which the observation sequence is extracted, we count
it as one correct recognition (object type and its pose). Oth-
erwise, we count it as one incorrect recognition. After we
get the results on images with scattering centers occluded
from all nine directions, we average these results and asso-
ciate this recognition performance with the selected model
for this particular percentage of occlusions. Fig. 13 shows
the testing results for each of the 0ve kinds of sequences:
O1; O2; : : : ; O5 (Section 4.3). The top curve, a dotted line, is
the percentage that the test case object and pose is among
the top 10 recognition results, and the lower curve, in solid
line, indicates the percentage that the recognition result with

the highest probability is the same as the test case object
and pose.

5.1.3. Integration of results from multiple sequences
In order to understand the integration process better, we

have done a set of testing experiments to show how in-
tegration improves the performance. Both geometric (O2–
O5) and magnitude (O1) observation sequences are used
and the results are shown in Table 3. The table shows how
many incorrect recognitions, made by using models based
on sequence O2 can be correctly recognized (“captured”)
by models based on other sequences. We deBne the “upper
bound” as the highest possible recognition performance that
can be achieved using the 0ve observation sequences, con-
sidering only the top candidate for recognition from each
of the models. The percentage of correct recognition corre-
sponding to “upper bound” is shown in the 8th column. The
results shown in column 9 are obtained by integrating the
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Fig. 11. Features of 0ve targets under various occlusion from direction 8: (a) Fred tank; (b) Scud launcher with missile down; (c) T72
tank; (d) T80 tank; and (e) M1 tank.

Table 2
Recognition rate of HMM with di@erent number of states and symbols

id only id with pose id only id with pose
N M R I R I N M R I R I

4 8 76.1 96.5 62.6 79.9 6 32 98.9 100.0 98.5 99.9
4 16 89.6 98.4 85.4 93.1 6 64 100.0 100.0 100.0 100.0
4 24 95.1 99.3 91.8 97.3 8 8 84.3 97.6 77.4 87.6
4 32 96.6 99.9 94.8 99.0 8 16 96.4 99.8 94.6 98.3
4 64 99.7 100.0 99.6 100.0 8 24 99.4 100.0 99.0 99.9
5 8 80.1 97.4 67.3 84.0 8 32 99.8 100.0 99.8 100.0
5 16 91.9 98.6 86.7 93.7 8 64 100.0 100.0 100.0 100.0
5 24 96.6 99.7 94.6 98.6 10 8 100.0 100.0 100.0 100.0
5 32 97.8 99.8 96.7 99.3 10 16 98.3 99.9 97.3 99.6
5 64 99.9 100.0 99.9 100.0 10 24 99.9 100.0 99.9 99.9
6 8 82.5 96.9 71.7 84.8 10 32 100.0 100.0 99.9 100.0
6 16 93.8 99.5 90.1 96.7 10 64 100.0 100.0 100.0 100.0
6 24 98.5 99.8 97 99.7

N—No. of states. M—No. of symbols. R—Recognition rate % (top answer is correct). I—Indexing rate % (correct answer is in the top 5).

results from sequences O1 to O5. The integrated recognition
performance is 86.8%. Note that the result are for both ob-
ject and azimuth (object/azimuth), that is, both the object
identity and pose should be correctly recognized.

In the rest of this section, we demonstrate the results using
0ve kinds of observation sequences (O1–O5). We draw two
curves (Fig. 14(a)) to show the “upper bound” and “lower

bound” of recognition rate. The curve on the top is obtained
by considering all 0ve kinds of observation sequences, if
a model based on one of them correctly recognizes the
test data, we count it as a correct recognition. The “lower
bound” or the bottom curve is the worst recognition result
out of the 0ve models. The second curve from the bottom in
Fig. 14(b) is the result for integrated recognition. The
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Fig. 12. An example: parameters of a 0ve states, four symbols HMM. The number on edges represents the transition probability, and the
vector associated with each transition represents bij(k). In our case, we use HMM with eight states, 32 symbols.

corresponding confusion matrix for various amounts of
occlusion is shown in Table 4. On the average, we 0nd
86.8% correct recognition performance when the objects
are occluded from 10% to 50%. The second curve from the
top in Fig. 14(b) is obtained by counting a correct index-
ing result when the ground-truth object/azimuth is in the
objects/azimuth associated with the highest 0ve probabil-
ities in the histogram. For the purpose of comparison, we
have also superimposed the curves of Fig. 14(a) into Fig.
14(b) with “lower/upper” bounds. Considering the correct
indexing answer in the top 0ve responses, the average per-
formance is 94.4% for 0ve objects occluded from 10% to
50%. The di@erence between top 5 and top 1 recognition
performance is 7.6%.

5.2. Real SAR data

The methods used here are the same as those used in
the previous subsection. The only di@erence is that here we
experiment on real data instead of XPATCH data. We use
MSTAR public real SAR images (at one foot resolution and
depression angle 30◦) of two objects (T72 tank with serial
number #a64 and ZSU anti-aircraft gun with serial number
#d08). Ideally, we should have 360 object models for each
azimuth for each object. However, we do not have 360 SAR
images for each object in the MSTAR data set. For the T72
tank, there are 288 images available for di@erent azimuths.
Also for the ZSU gun, 288 images are available. Thus, each
object consists of 288 azimuths (or aspects) which we call
object models. Each object model consists of HMM models
based on observation sequences (O1–O5). We extract 30
scattering centers with the largest magnitudes from each
SAR image. Figs. 4 and 5 show some examples of SAR

imagery and scattering centers extracted from these SAR
images [22,24].

We consider the occlusion to occur possibly from nine
di@erent directions (center, four sides and four corners of the
image). Scattering centers being occluded are not available.
Moreover, we add back into the image at random locations
a number of spurious scattering centers, equal to the number
of occluded scatterers, of random magnitude. The random
magnitude could be equal to the magnitude of any of the
top 30 scatterers. This simulates noise or clutter from other
objects. For example, for 30% occlusion, we remove nine
scattering centers from the center of one object or from one
particular direction and add randomly nine spurious scatter-
ing centers back into the image with magnitude randomly
determined as stated above. Fig. 15 shows the SAR images
of T72 tank and ZSU gun under depression angle 30◦ and
azimuth 93◦. The scattering centers under various occlu-
sions are also shown.We compute the observation sequences
based on the scattering centers available after the occlusion
process has taken place. We assume there is only one ob-
ject present in one image, but our technique to synthetically
generate occluded data adds an equivalent number of clutter
features which could be viewed as a surrogate for multiple
objects. No real SAR data with multiple objects exist in the
public domain.

5.2.1. Training and testing data
For the training data we generate 91 training images from

each SAR image. The 0rst one is the original SAR image
without occlusion. Then we occlude the SAR image from
nine directions. For each direction, the occlusion level is 5%
and 10%. For each occlusion level, we generate 0ve sam-
ple images. So 91 images are obtained from each original
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Fig. 13. Recognition rate vs. percentage of occlusion for HMM models based on (a) O1, (b) O2, (c) O3, (d) O4, and (e) O5.

training SAR image. We have two objects and 288 SAR im-
ages of each object, thus, the number of training images is
52,416. Since there are 0ve kinds of observation sequences
that are extracted from each image, the total number of se-
quences is 262,080. For the testing data, from each SAR
image, we generate 36 testing images. We occlude the SAR
image from nine directions. For each direction, the occlu-
sion level is from 20% to 50% with 10% increments. That is,

the numbers of occluded scattering centers are 6, 9, 12, and
15, respectively. Thus, we have total 20,736 (2× 288× 36)
testing images and corresponding to each image, there are
0ve types of sequences.

5.2.2. Experimental results
During the training, for consistency, we use the same

eight states and 32 symbols used for XPATCH data for our



B. Bhanu, Y. Lin / Pattern Recognition 36 (2003) 2855–2873 2869

Table 3
Testing results for occluded object recognition using 81,000 testing cases. Results based on integration of O1–O5

Percent. Errors Errors captured by models Errors % correct % based on % based on
occlusion with using models recognition integrated integrated

model O2 O1–O5 (“upper bound”) recognition indexing
O1 O3 O4 O5

10% 4 0 1 0 1 2 100.0 99.9 99.9
20% 271 19 53 74 101 7 99.6 98.9 99.6
30% 763 111 294 339 418 25 98.6 93.4 97.6
40% 1050 265 580 629 675 79 95.6 79.4 91.8
50% 1119 397 726 755 784 148 91.8 62.2 83.3

Average recognition rate 97.1 86.8 94.4
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Fig. 14. (a) “Upper” and “lower” bound of recognition rate vs. percentage of occlusion. (b) Performance of integrated models: using
integrated models O1–O5. The results for recognition (top 1) and indexing (top 5 candidates) are superimposed on the 0gure shown in (a).

HMM models for the real SAR data. Using the algorithm
presented in Section 4.4, we build recognition models using
the real SAR training data described in Section 5.2.1. For
one sequence type we have 576 (288 azimuths × 2 object
classes) HMM models. Since we have de0ned 0ve kinds of
observation sequences for each image (O1; O2; O3; O4; O5),
we get models based on each kind of observation sequence.
During the testing phase, we apply the recognition algorithm
(described in Section 4.5) to the real SAR test data (de-
scribed in Section 5.2.1). Here, we consider only the kind of
an object, which we call ID. We count a recognition result
as a correct recognition if the HMM model with the max-
imum probability is associated with the object from which
the testing sequence was extracted, we do not consider the
corresponding azimuth angles of the HMM models.

Tables 5 and 6 show the experimental results on MSTAR
real data. These results are obtained by integrating the results
from 0ve di@erent type of sequences O1; O2; O3; O4, and
O5. Table 5 shows the results for recognizing 20–50% oc-
cluded T72 tank and ZSU gun. The confusion matrix shows
how many of them are correctly/incorrectly identi0ed. Ta-
ble 6 shows the results similar to Table 5. The di@erence
is that here we use “probability ratio threshold” instead of
considering only the maximum probability. Only when the

ratio between the maximum and second maximum (other
object type) probabilities is greater than the probability ra-
tio threshold (1.01 used here) we accept the recognition re-
sult. Otherwise, it is rejected and the test data is labeled as
unknown object.

We also performed an additional experiment to deter-
mine the optimal number of observation sequences. Table 7
shows the results when only sequences O1 and O2 are used
in integration. The results of Table 7 based on O1 and O2

are slightly better than the results of Table 5 based on all
the 0ve sequences (O1 to O5). The reason is that the re-
sults from sequences O3; O4, and O5 are less reliable than
others, since each of these sequences measures distances
from a speci0c scattering center, for example, O3 measures
distances of other scattering centers from (reference) scat-
tering center 1, O4 measures distances of other scattering
centers from scattering center 2, and so on. There is a sig-
ni0cant probability that these prominent scattering centers
(used as a reference) get occluded at higher levels of oc-
clusion. If the 0rst scattering center is occluded, then the
entire sequence (O3) is subject to error, which is reJected
in the integration results. An alternative is to use all the
scattering centers as reference points to build models to
achieve increased performance at the expense of increased
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Table 4
Confusion Matrix for 0ve objects classes at varying amounts of occlusion (10–50%)

% Occlusion Fred SCUD T72 T80 M1a1

Fred 10 100.0 0.0 0.0 0.0 0.0
20 99.2 0.0 0.1 0.4 0.3
30 95.9 0.2 0.6 1.9 1.4
40 87.1 0.7 2.8 5.5 3.9
50 73.2 1.6 7.1 12.1 6.0

SCUD 10 0.0 100.0 0.0 0.0 0.0
20 0.0 99.7 0.2 0.1 0.0
30 0.9 97.3 1.2 0.4 0.3
40 3.1 88.8 4.9 1.9 1.3
50 5.6 77.9 11.9 2.7 1.9

T72 10 0.0 0.0 100.0 0.0 0.0
20 0.4 0.2 99.2 0.1 0.2
30 2.4 0.5 95.3 1.1 0.6
40 9.1 2.1 82.5 3.8 2.4
50 16.8 5.2 65.9 6.8 5.4

T80 10 0.0 0.0 0.0 100.0 0.0
20 1.2 0.0 0.1 98.6 0.1
30 6.9 0.0 0.6 91.1 1.4
40 21.5 0.1 1.6 72.6 4.2
50 37.4 0.8 3.1 50.9 7.8

M1a1 10 0.0 0.0 0.0 0.0 100.0
20 1.6 0.0 0.1 0.3 98.0
30 8.5 0.2 0.7 2.9 87.8
40 22.5 0.8 2.0 8.5 66.1
50 36.9 1.1 5.2 13.8 42.9

Fig. 15. Features of T72 tank #a64 and ZSU anti-aircraft gun #d08 under various occlusions from direction 2.

Table 5
Confusion matrix for various occlusions using MSTAR data

Target type Occlusion level

20% 30% 40% 50%

T72 ZSU T72 ZSU T72 ZSU T72 ZSU
T72 280(97.2%) 8(2.8%) 233(80.9%) 55(19.1%) 200(69.4%) 88(30.6%) 164(56.9%) 124(43.1%)
ZSU 5(1.7%) 283(98.3%) 64(22.2%) 224(77.8%) 98(34.0%) 190(66.0%) 117(40.6%) 171(59.4%)
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used in sequences O3; O4, and O5.
From Tables 5–7, we can see that the performance de-

grades as the occlusion level increases and reasonable recog-
nition performance can be achieved when the occlusion is
as much as 30–40%. The time needed to recognize a test
case is 6ms on a SUN Ultra 2.

6. Conclusions

Recognition of occluded objects has been a signi0cant
problem for automatic target recognition. In this paper, we
have presented a novel conceptual approach based on hid-
den Markov modeling for the recognition of occluded ob-
jects in SAR images. The approach uses multiple models
for various observation sequences that are chosen based on
the SAR image formation and account for both the geome-
try and magnitude of SAR image features. We have shown
the results on both XPATCH and real SAR data. The num-
ber of observation sequences and the number of features are
design parameters which can be optimized by following the
approach presented in the paper. We have demonstrated that
the HMM approach makes use of available structural infor-
mation to solve the problem caused by occlusion and noise.
It takes the spatial arrangement of structural information as
a whole and is able to collect useful information from dis-
torted or partially unreliable patterns. Reasonable recogni-
tion can be achieved for up to 30–40% occlusion with both
the simulated and real SAR data.

7. Summary

Recognition of occluded objects has been a signi0cant
problem for automatic target recognition. Stochastic models
provide some attractive features for pattern matching and
recognition under partial occlusion and noise. In this pa-
per, we present a novel conceptual approach based on hid-
den Markov modeling for the recognition of occluded ob-
jects in SAR images. The approach uses multiple models
for various observation sequences that are chosen based on
the SAR image formation and account for both the geome-
try and magnitude of SAR image features. The number of
observation sequences and the number of features are de-
sign parameters which can be optimized by following the
approach presented in the paper. To improve performance,
we integrate these models synergistically using their prob-
abilistic estimates for recognition of a particular object at
a speci0c azimuth. We show the results on both XPATCH
and real SAR data and demonstrate that the HMM approach
makes use of available structural information to solve the
problem caused by occlusion and noise. It takes the spa-
tial arrangement of structural information as a whole and is
able to collect useful information from distorted or partially
unreliable patterns. Reasonable recognition can be achieved



2872 B. Bhanu, Y. Lin / Pattern Recognition 36 (2003) 2855–2873

Table 7
Results of integration (sequences O1 and O2)

Occlusion level No. of correct recognition No. of test

20% 30% 40% 50% sequences

T72 tank 284(98.6%) 249(86.5%) 208(72.2%) 186(64.6%) 288
ZSU gun 285(99.0%) 238(82.6%) 194(67.4%) 175(60.8%) 288

for up to 30–40% occlusion with both the simulated and
real SAR data.
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